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ON THE REALIZATION OF INVARIANT SUBGROUPS OF 7 ,( X)
BY
A. ZABRODSKY'

ABSTRACT. Let p be a prime and 7: X — X a self map. Let A be a multiplicatively
closed subset of the algebraic closure of F,. Denote by Vr, 4 the set of characteristic
values of 7,(T) ® F, lying in A. It is proved that under certain conditions Vr 4 is
realizable by a pair X, T: There exist a space X, maps 7: X —» X and f: X > X so
that feT ~ Tof, m,(F) is mod p injective and im(74(f) ® F,) = Vr 4. This
theorem yields, among others, examples of spaces whose mod p cohomology rings
are polynomial algebras.

Introduction. The technique of using self maps T: X — X to obtain mod p
splittings, retracts and realizable subalgebras of the mod p cohomology of a given
space has been well exploited by now: [Freyd] used idempotents to split spectra,
[Nishida] used the y, maps defined on BU(n) by [Sullivan] to obtain a mod p
splitting of SU(n), [Wilkerson], produced mod p retracts of H and H|, spaces and
[Cooke and Smith] splitted co-H-spaces, all using self maps.

Self maps were used to obtain geometric realizations of subalgebras of the mod p
cohomology of spaces, e.g., [Clark and Ewing], [Cooke], [Stasheff] and [Zabrodsky],.

The two main methods used can be described briefly as follows:

The direct limit. One constructs the infinite telescope of T: X — X, i.e., Tel(T) =
X X I X N/~ (N the set of natural numbers) where ~ is the equivalence relation
generated by (x,1,n) ~ (T(x),0,n + 1), (*,t,n) ~ (», ¢, n’). If H, (T, M) is an
idempotent, ie., H, (T2 M)= H,(T, M), then H Tel(T), M) =im H (T, M)
and one obtains a realization of a submodule of H (X, M) or H*(X, M).

The orbit space. If G is a finite group acting freely on a topological space X, the
orbit space X/G has the property:

H*(X/G,Z/mZ) = H:(X, Z/mZ)

= {x € H*(X, z/mZ)|g*x = x for every g € G},

provided m is prime to the order of G.

The two methods do not have obvious Eckmann-Hilton duals. A third method,
described in [Zabrodsky]; does have such a dual and this dual construction is the
main subject of this paper. Because [Zabrodsky], has not been published yet, we
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468 A.ZABRODSKY

bring here in a complete, self-contained form the part of self maps theory needed in
our proofs.

Our main result (Theorem A) deals with realizations of subgroups of 7 .(X)
corresponding to splittings of the characteristic polynomial of 7 4(T) ® F, (F, =
Z/pZ),where T X — Xis a self map.

This realization is formed “to the left” of X and is illustrated by a commutative
diagram

- f

X - X
T T
s !

X - X

where 7,(f) is mod p injective and im74(f) ® F, is a prescribed subgroup of
To(X)® F,.

This realization yields geometric realizations of polynomial algebras; in particular,
we reconstruct Stasheff’s realization of the polynomial algebra

F;a[XZm’x4m"""x2km]’ mip — 1

[Stasheff, pp. 146-147]. The paper is organized as follows: §0 contains our basic
conventions and notation, statements of the main results and some examples
attempting to show that none of the hypotheses of the main theorems can be relaxed.
§81 and 2 cover the basic results from the theory of self maps to be used in our
proofs. §3 gives the final versions of the main results and their proofs.
Some consequences, examples and applications are given in §4. For convenience,
we list the standard notation and terminology of this paper at the end of §4.

0. Notation, conventions and summary of results. We fix a prime p and denote by
F, and Z,, the field of p elements and the integers localized at p, respectively.

A commutative diagram, unless otherwise specifically stated, means commutative
up to homotopy. Quite often equality between functions means equality of homo-
topy classes.

In general, spaces will be assumed to be of the homotopy type of simply
connected CW complexes of finite type or their p-localizations.

This is a matter of convenience and all major results are valid for nilpotent spaces.

All spaces, maps and homotopies are pointed. Consequently all standard homo-
topy theoretic constructions are of the reduced type: CX, ZX, etc. Homology and
cohomology are always assumed to be the reduced theories.

We use the following standard notation:

PX = {@|p: I = X }—the free path space.

LX = {@ € PX|p(0) = *}—the contractible path space.

QX = {9 € PX|p(0) = * = ¢(1)} —the loop space.
Homotopies f, ~ f,: X — Y are considered to be maps V: X — PY, V(x)[e] = f.(x),
e = 0,1. Given a map, f: X — Y, we denote by Pf, Lf, &f the maps on the function
spaces induced by f.
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Foramap f: X — Y we write
JiV;= X and ff Y-
for the homotopy fiber and mapping cone of f, respectively:

Vi={(x,9) € XX LY|p(1) = f(x)} withj,(x,¢)=x.

G = XXI11Y/~, L1—the disjoint union, ~ spanned by x,0 ~ %, £; x,1 ~ fx
w1thjf—the composition Y € X X I11Y - C,.

Given f: X, = X,, f,: X, = X,, the homotopy pull back of f, f, is a triple
(X, ry, r,) where X is the space and r; X - X., i =1,2, are the maps given by

X= {(xl’(P» X,) € X; X PX, X XZlfl(xl) = (P(O)’(P(l) =f2(x2)},

with r,(x;, @, x,) = x;, i = 1,2.

GivenT;: X, - X/,i=0,1,2, f: X, > Xo, f: X = X3, i = 1,2, Viif/oT, ~ Ty f,
(Vs X; = PX,) then T,, V; induce a map from the pull back of f,, f, to that of f], f,
in a natural way.

The [Cooke and Smith] splitting of a p-localization of a finite CW suspension X
induced by T: X — X corresponds to the splitting P = P, - P, --- P, of the char-
acteristic polynomial P of H (T, F,), (P,, P;,) = 1 if i # j. One obtains a homotopy
equivalence Vi_, X; = X and f;: X; — X satisfies

im Hy(f,, F,) = ker P,(Hy(T, F,)).

One can prove an Eckmann-Hilton dual of this theorem for H-spaces (see 4.2.2)
where 7 ,(X) ® F, replaces H (X, F,).

However, one cannot expect such a splitting to exist for arbitrary spaces: The first
obstruction is the multiplicative structures of 7 4(X) ® F, and H*( X, F,) which are
preserved by self maps.

Consider the following example: If 7: $2" — §2" has degree A, A £ 0,1 mod p
and p-odd, then by the E.H.P. sequence one can see that the characteristic poly-
nomial of 7, (T) is of the form P(x) = (x — A)(x — }\2),;,2" One cannot hope to
have a splitting §*" = » X1 X X;, where X; corresponds to the (x — N factor of
P(x). One cannot even expect to obtain a realization h,: X; = S” with

imm, () ® F, = Uker(m,(T) 8 F, - A\)™

for if

ue Uker(vrzm(T) ® F,—\) =imm,(h)®F,

then the Whitehead product [u, u] # 0 must lie in imm,,,_;(h,) ® F, but obviously
[u, u] € ker(m,,,_(T) — )\2)’5" 1. On the other hand, the mod p Hopf fibration
§4~1 — §*" realizes U, ker(,(T) ® F, — N*)". This realization is possible because
the multiplicative closure of the roots of (x — A*)" € F,[x] contains no root of
(x = A).

Thus, first one concludes that if one deals with a nontrivial ring 7 ,(X) ® F, one
cannot expect to have a splitting of rings 7 4( X) ® F, = @ A,; one can only expect a
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realization of a vector subspace A C 7 4(X) ® F, corresponding to a factor P, of the
characteristic polynomial of 74(7) ® F, (at least if 7, (X) =0 for m > N), pro-
vided the multiplicative closure of the roots of P, contains no root of its comple-
ment. Indeed a consequence of our main theorem (Theorem A) easily yields

0.1. PROPOSITION. Suppose (X)) = @7, (X) is a finite group of order a power of
p (in particular, w,(X)=0 for n> N for some N). Given T: X = X, if the
characteristic polynomial P € F,[x] of w4«(T) ® F, splits as P = P, - P, and if the
multiplicative closure of roots of P, (in some extension field ) contains no root of P, then
one has a commutative diagram

- /
X - X
T v
- f
X - X

where m (f) is injective and im[7 (f) ® F,] = ker P\(7 4«(F) ® F,).

The restriction 7 ,(X) ® Q = 0 in Proposition 0.1 cannot be removed without a
proper substitute. This is due to the fact that if 7,(X)® Q # 0 a geometric
realization of a T-invariant subgroup of 7 ,(X) ® F, will yield a T-invariant sub-
group of 7 ,( X) ® Q with an obvious relation between the two. This may fail to exist
for algebraic reasons as we demonstrate by the following example.

0.2. EXAMPLE. Let Ty: K(Z ® Z,2n) > K(Z & Z,2n) be given by the matrix

0 -p
H*(T,,Z) = ( )
(1. 2)-{]
with respect to some basis u,, u, € H*"(K(Z & Z,2n),Z). Then for w = pu} —
uu, + u3 one has H*'(T,, Z)w = pw and if X is the two stage Postnikov system
with w as the k-invariant one obtains:

K(z,4n—-1) —  K(z,4n—-1)
l l
T
X - X
br lr

T
K(Z® Z,2n) - K(Z® Z,2n)

The characteristic polynomial of m,,(T) ® F, is x(x — 1) and that of 7, _,(T') ® F,
is x. Thus, the characteristic polynomial of 7 4(T') ® F, is x*(x—1)andx —lisa
factor with a multiplicatively closed set of roots, containing no roots of its comple-
ment x2. But ker[7 (T) ® F, — 1] (even after localizing at p) is not realizable: Such
a realization has to be of the form f: K(Z,,2n) = X, with H*(f, F,)p,u; = p,i,
where # € H*"(K(Z,,2n), Z,) is a generator, i, € H*'(K(Z, ® Z,,2n), Z,) are
the images of u;, and p,: H*(, Z,) = H*(, F,) is the reduction. Hence, H*"(f, Z,)
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is surjective, so is H>"(r o f, Z,) but then H*(r o f, Z )W # 0 (W the image of w) as
px* = xy + y*is an irreducible quadratic form over Z,. This is a contradiction.

The reason for our failure to realize ker(w,(T) ® F, — 1) is the fact that the
factorization x2(x — 1) of the characteristic polynomial of 74(T) ® F, =
7 +(T)/torsion ® F, is not a mod p reduction of a factorization of the characteristic
polynomial of 7 ,(T) ® Q. This should explain the hypothesis of our main theorem
given in its first version as follows:

THEOREM A. Let T: X — X. Given sequences of polynomials P\", P\ € Z[x] so
that:

1) PP = 1,2,

(2) Let P denote the mod p reduction of a polynomial P € Z[x). Then deg P\" =
deg P and the multiplicative closure of the roots of P{" contains no root of P{™ for
allm, n.

(3) For every n there exists r, > 0 so that

[P{m - P{™] ™[ 7,(T)] ® Z, = 0.

Then

{Lrjker[}"l("’] r(vr,,(T) ® 1:,)}00

n=2

is realizable, i.e., there exsits a commutative diagram

. /
X - X
Tl I
A f
X - X

so that m,( f) is mod p injective,
im7,(f) ® F, = Uker[ P{"]"(7,(T) ® F,).

Moreover, given a commutative diagram

P

X’ - X

T\ T
P

X’ - X

for which there exist polynomials P''" € Z|[x] so that:
(1) P,(")lpl("+l)-
(2) The roots of P"" are in the multiplicative closure of roots of P{".
(3) For every n there exists r, > 0 so that [P""]"(7,(T") ® Z,) = 0.
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Then there exists a commutative cube
o
£
Al
’ 2§

A ~
X > X
i
N X
1
£
Tl
fl
x —> X

so that f} is a mod p equivalence.
In case the spaces and maps are p-local, the conclusion of the second part could be
simplified to state: f’ could be factoredasf" = fo f',f: X' > Xandf o T" ~ To f".

Theorem A follows from the following

THEOREM B. Let T: X — X. Given polynomials P,, P, € Z[x] with the following
properties:

(1) The leading coeffzc:ents of P, are prime to p and the multiplicative closure of roots
of P contains no root of PZ, where P are the mod p reductions of P, i = 1,2.

) Pl(mg?_le(T,Zp))=O and P, - P,[H,(T,2,)] =0.

Then, if T,: X, — X, is the Postnikov approximation of T: X — X, one has a
commutative diagram

=plh o ~plh

N LxT
X, X K(#,n) = X,xK(#,n)

where T, T satisfy P,(® menHn(Tn Z,) = 0, P[H(T, Z,)] = 0

Theorems A and B are stated in their final versions and proved in §3. In §1 we
introduce some notations and terminology which will somewhat simplify the state-
ments of Theorems A and B.

In §4 some examples and applications of the main theorems are given. They
include:

THEOREM A* (IN 4.1). Let T: G = G be an endomorphism of a nilpotent group G.
Suppose given polynomials P,, P, € Z[x] with leading coefficients prime to p so that
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the multiplicative closure of the roots of the mod p reduction of P, contains no root of
the mod p reduction of P,. Suppose further that

P -P| @ T(T)/T,(T)®Z,| =0
1
where I, ., € I, T;,(T): I; - I, are the central series of G and T. Then there exists a T
invariant subgroup G C G, so that
I(G)/T.1(G) ® Z, » T,(G)/T,.,(G) & Z,

is injective and its image equals ker P(T(T)/T,. (T) ® Z,).

Moreover, if f': G' = G is a homomorphism and T': G’ — G’ satisfies f' o T =
Tof" and P/(H(T)) =0 for some r >0, then im ' C G. (This version slightly
differs from the one in 4.1. They are obtained from one another by replacing the
polynomials by their appropriate powers.)

THEOREM B* (1IN 4.1). Given a central extension of a nilpotent group with endomor-
phisms:

Suppose P\, P, € Z[x] are as in Theorem A*,
Pl[Hl(Yb) ® Zp] =0 and P -P(S®Z,)=0.

Then G splits mod p as follows:

A
Q —
¥

>

:

0y
Ol —————= O
=]
=)
=}
=
o

(2]
4
(2]
(2]
Q

sothat G - C X GO is a mod p isomorphism, P{(HI(TO) ®Z,)=0, P(S® zZ,) =0,
where P| € Z|x] satisifies: The roots of P| are in the multiplicative closure of roots of
Pl-

For H-spaces one has the following consequences of Theorem A (4.2):

If T: X = X is a self map of a p-local H-space, P{"), P{") are as in Theorem A,
then X in the conclusion of Theorem A satisfies H*( X, F,) is isomorphic to the
subalgebra of H*(X, F,) generated by @, (U, ker[P(™][QH"(T, F,)]} and
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QH*(f, F,): QH*(X, F,) > QH*(X, F,) corresponds to the projections
QH™(X, F,) > QH"(X, F,)/4, = QH"(X, F,),

A,, = U, ket P/ [QH™(X, F,)].

4.2.2. Let X be an H-space, T: X = X, 7,(X) = 0 for m > N. If the characteristic
polynomial P of = ,(T) ® F, factors as P = P, - P, --- P,, (P, P;)) =1 for i # j,
then X =, [1X;, where

74(X;) ® F, = ker P,[7,(T) ® F,|.

Finally, using 4.2 one can reconstruct the Quillen-Stasheff geometric realizations
of the polynomial algebras F,[x,;, X4ys-..,%z,] for k|p —1 (see [Quillen],
[Stasheff]). The same method gives geometric realizations of some other polynomial
algebras.

1. Annihilating polynomials of self maps. In this section we shall study some
relations between a self map 7: X — X and the linear algebra it induces on
H*(X, M) and 7 ,.( X).

Let P € Z[x] be a polynomial with integral coefficients, P(x) = ¥,_on,x" If T:
X — Xis a self map of either an H-space or a co-h-space, one can form P(T):

P(T)=nT +n,_T" '+ ---+nyl whereT'=ToTo --- oT,
t

+ represents the algebraic loop operation in [ X, X],

nT' =T+ - +T'.

n,
As [ X, X] is not necessarily associative, one chooses an arbitrary order of bracket-

ing, e.g.,

P(T)=(~- (T + T") + --~+T’)+T’_1)~~+---+--- 1)+1)--- 1)_

~——— ~———

n, n,_ no

If X is an H-space then
m (P(T)) = P(m(T)) and Q.H,(P(T), F)=P[Q.H/(T, F),

where Q, is the submodule of primitives functor and F is a field. If X is a
co-H-space then H,(P(t), M) = P(H, (T, M)).

1.1. DeFINITIONS. (A) Let R be an integral domain (usually we shall have
R=0Q,Z, 7, F,). Let: M - M be an endomorphism of an R-module M. We say
that a polynomial P € R[x] annihilates ¢ if for some » > 1, P"(p) = 0. Thus, ¢ is
nilpotent if P(x) = x annihilates ¢.

(b) A polynomial of infinite degree P, € R,[x]is a sequence { P}, P, € R[x]
so that P,|P,,,. If M, = {M,}7_, is a graded R-module, ¢, = {@,}5-, a degree
zero endomorphism of a graded R-module, we say that P, € R,[x] annihilates ¢
if for every n > 1 there exists m > 1 so that p,, annihilates ¢,,.



THE REALIZATION OF INVARIANT SUBGROUPS 475

Because one can consider any R-module M as a graded module, one says that
P, € R,[x] annihilates p: M — M if for some n, P, annihilates ¢.

The product in R [x] is given by (P, - P,), = P, - P,.

(c) If P,, P, € R[x] are polynomials of degree n; and n,, respectively: P,(x) =
Yri,alx’, i =1,2, one can form the polynomial P, ® P, of degree n, - n, as
follows: If P, are unitary, i.e., af,';_ )=1,i=1,2, consider P, as a polynomial over R,
the algebraic closure of the field of fractions of R, P;(x) could be written as

nl
Pi(x)=I=I—[l(x—)\(j?)), A e R.

Then

n ny

(P, ® P))(x)= l_ll l—ll (x — AP }\‘,.2’) .
j=1\i=
To see that P, ® P, € R[x] one can offer an alternative construction: Choose T;:
R" — R"i i =1,2, to be R-endomorphisms of free R-modules so that the character-
istic polynomial of T is P, € R[x]. Then the characteristic polynomial of T} ® T, is
If P, are nonunitary, define
P P, = (af))"(a?)

ny

ny Pl ® P2
a® . q®"

Here the operation is performed in the field of fractions but the result is again in
R[x].
The following can be verified easily.

1.2. LEMMA. (a) (P, P,)® P = (P, ® P)- (P, ® P) and consequently if Py|P,
then Py ® P|P, ® P.

(b) Suppose M, are f.g. free R-modules.

If o M; > M,, i = 1,2, are annihilated by P,, i = 1,2, respectively, then P, ® P,

annihilates ¢, ® @,.

IfP* = {P 1 P, = (P} are in R[x], one defines P, ® P, by (Py® Py, =
1P, ® P,, > and by 12(a) (P, ® P*) (Py ® P,.‘),,+1 If P, P* annihilate
(p*. M x> My, $u: M, > M,, respectively, M, M f.g. free R-modules, then
P, ® P, annihilates ¢, ® §.,.

We use the notation

P®P® ---®P= Q"P

n
and I1,., ®" P= ® <" P for P € R[x]. Define ® P € R,[x] by (®P), =
® <" P. If P annihilates o: M — M (M a f.g. free R-module), ® P annihilates ® @:
®M —> ®M. For P, € R,[x] one can form ® " P, and ® <" P, as follows:
(®"P*)m = Z Pr, ® Pr2 ® - ® Pr,,’

Sr=m
(®<"P,),= [1 P,&P & ®F

e
r<n
Sr=m
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As we always have r, > 1, one can define (®Py),, =115, _, P, ® ---® P, =
(® <™ P,),,- If M is a finitely generated abelian group, ¢: M — M, one can find a
polynomial P € Z[x] annihilating ¢: If P© is the characteristic polynomial of
@ ® Q, P'P) € Z[x] represents the characteristic polynomial of 7p ® F, and P, the
set of torsion primes of M, then P = P©. (IT,cp P'”’) annihilates . P© - P(P)
annihilates ¢ ® Z,. If ¢4: My = M, is an endomorphlsm of a graded abelian
group of finite type one can construct polynomials P, € Z,[x], P, € Z,4[x]
annihilating ¢, and ¢, ® Z,: Using the above construction, one obtains polynoml-
als P, € Z[x], P € Z,[x] anmhllatmg €B , 9, and @, %® Z,, respectively.
The above procedure w111 yield P |P,, ;, ,,|P,,+1

We shall study here relations between polynomials P annihilating H (7, Z,) or
T«(T)® Z, for T: X - X. If P € Z[x] we shall assume that the leading coefficient
of P is prime to p, if P € Z,[x] we shall assume it to be unitary (or equivalently,
that its leading coefficient is a unit in Z,). Given amap T: X = Xlet T: X, = X,
be its Postnikov approximation in dim < n

1.3. LEMMA. For T: X — X the following are equivalent:

(a) There exists m > 0 so that T"™ factors through an n-connected space.

(b) There exists m’ >0 so that H(T™,Z)=0 for k <n (i.e., H(T,Z) is
nilpotent for k < n).

(c) There exists m” > 0 so that m(T™") = 0 for k < n (i.e., m(T) is nilpotent for
k < n).

PROOF (a) = (b) and (a) = (c) are obvious.
(b) = (a). For arbitrary M, one has a commutative diagram with exact rows

(Tr = Bxt(H,_(T,Z),M), T =Hom(H(T,Z),M)):

0 > Ext(H,_,(X,Z),M) - H*(X,M)—- Hom(H,(X,Z),M)—-0
T L HY(T, M) 1
0- Ext(H,_,(X,Z),M) - HYX,M)—-> Hom(H(X,Z),M)—-0

If k < nthen (T¥)™ = 0 = (T})™ and consequently
[HX(T, M)]*™ = HX(T*"', M) =0

Let j*©: X®¥) - X be the k — 1 connective fibering of X. One has
Jhy hy
xen =, % x5 g (20, ),

Jk+1 =Ji® J,- Suppose inductively (for k < n) that T**~ D™ factors up to homo-
topy as T2k~ Dm — j(K) o T, .

x\ T2m' . T2(1(-1):11'
> (k)/
N I Tk i
S DU "SR By, RO (X),k)
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[hy = T;) € HX(X, m,(X)) and as HXT™,m(X)=0, heoT,oT*™ ~+ and
T, oT* liftsto Ty, ;: X = XD,

Ty T ~Jn ° Tisr-
As j**D = j®o j the inductive step is completed and T>"" factors through
X*D which is n-connected.

(c) = (a) is proved similarly using the inductive step given by the following
commutative diagram:

(k-l)m" "
T
X X ™ > X
\ /v y A
T (k) T"(k) T (k1)
/
r 7/
X(K) ——————— x(k+1)-cs(k)
hk
vk
151

Here X(k) is k — 1 connected, m (h(k)) surjective, as m (T™)=0, T™ o
T"(k)o h(k) ~ » and T™ o T"(k) factors through the k-connected mapping cone
Cies = Xk + 1) of h(k).

1.4. PROPOSITION. Let T: X = X be a self map, T,: X, > X, its Postnikov
approximation in dim < n. Let F = F, or Q. Then:

(a) If P € F[x] annihilates H, (T, F) for m < n, then @ P annihilates H (T, F)
and m,(T)® Fform < n. ‘

(b) If P annihilates w,(T) ® F for m < n, then @ P annihilates H(T,, F) and
H, (T, F) form < n.

(c) If X is an H-space, then P, € F,[x] annihilates m (T) ® F if and only if it
annihilates Q  H o(T, F) where Q  is the submodule of primitives functor.

(d) If X is an H-space, then H, (T, F,) is nilpotent for m < n if and only if for every
r > 0 there exists w,: X, = X, and t, > 050 that [T,/"'] = [ p"1][w,] € [ X,, X,].

ProOF. The technical step in proving (a) and (b) is the inductive proof that ® P
annihilates H 4(T,,, F), m < n: One has a ladder of fibrations which induces an
exact sequence for m < n:

im km m—1

Km=K(7Tm(X)’m) - Xm - Xm—l

7",,,=K(1r,,,(T).m)l ‘Jme \l‘Trn*I
4") k"l.m_

Km=K(7Tm(X)’m) ’_) Xm - 1 Xm—l

Hm+l(Xm——l’ F) - Hm(Km’ F) - Hm(Xm’ F) - Hm(Xm—l’ F)
iHm+1(Tm—l' F) l'Hm(Tm' F) le(Tm’ F) iHm(T;n—l' F)
Hm+1(Xm—l’F) - Hm(Km9 F) - H(Xm’F) - Hm(Xm—l’F)
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Suppose inductively that ® P annihilates H (7,,_;, F). If the hypothesis (a) holds,
P annihilates H, (T, F) = H,(T,,, F) and, by exactness, ® P annihilates H, (7, F)
= m,(T)® F. If the hypothesis (b) holds, P annihilates =, (T) ® F = Hm(Tm, F)
and, by exactness, as @ P annihilates H, (T, ,, F), it annihilates H (7T,,, F) =
H, (T, F).

Now, the structure of H.(K(m,,(X), m), F) (or more conveniently H* (K, F))
is such that if P annihilates H, (T,,, F), ® P annihilates H *(Tm, F), (QH*K,,, F)
is generated over the algebra of cohomology operations by H™(K,, F)). If @ P
annihilates H (T, _,, F) and H,(T,, F), ®(® P) = ® P annihilates H (T, F)
and using the Serre spectral sequence, the endomorphism

EXT)=H(T,_ ,,F)® H (T, F): E, > E,
is annihilated by (@ P ® (® P))= ® P and so is E*(T) and H (T,
completes the inductive step of the proofs of (a) and (b).

(c) Suppose X is an H-space. If P, = { P,} suppose that 7, (T) ® F, m < n (resp.
Q«H, (T, F), m < n) is annihilated by P = P, . Forming P(T): X — X, one has
Tu(P(T)) ® F = P[m,(T)® F] (resp. QxH«(P(T), F)= P(Q«H,(T, F))) and
7,,(P(T)) ® F is nilpotent (resp. Q H, (P(T), F)) and consequently H,(P(T), F)
are nilpotent.

Applying (a) and (b) with respect to the polynomials P = x = ® P, and letting
P(T) replace T, one has: =, (P(T))® F, is nilpotent for m < n if and only if
H,(P(T)) ® F, is nilpotnet for m < n and as an endomorphism of a graded
connected coalgebra is nilpotent through a given dimension if and only if its
restriction to the submodule of primitives is nilpotent, (c) follows.

(d) As 7,(p'1) ® F, = 0 if [T,"] = [ p'1]°[w,] then 7, (T,") ® F, = 0 and 7,,(T)
® F, is nilpotent for m < n. By (b) so is H,,(T, F,). Conversely, suppose H, (T, F,)

is nilpotent for m < n, then, so is H™(T, F,). One can factor p'1 as follows:

hm hA hl
X,=Y,=> - =2>2Y->Y - =>Y->Y=X,

F). This

9

where h,: Y, — Y, _, is the homotopy fiberof amap g, _,: Y,_, = K(M,_,, s,_,),
M, _, an F, vector space.
Suppose inductively one has a commutative diagram:

X
Vi
//
sl
v e
k // Jr g
-1
—
7/ V-1 KM _yo8yy)
/7 « /
/ -1
/
/
7/ t
£ - Y
/ T; Tnk 1
X, — X > X
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Now, by (a), for P = x, if H,(T, F,) is nilpotent for m < n then H,(T,, F,) (and,
consequently H™( T, F,)) are nilpotent for all m. Say, H*-(T/, F,)=0.

[gi-1°W- 1] € H* (X, M, )= HSH(X* Fp) ® M, _,
and
Bi-1°W_1° T ~ *;

hence, W, _, ° T,f lifts to the homotopy fiber of g, h, oW, ~ W, _, ° T,f,. Putr,_, +1
= t, for the inductive step. Then 7, = ¢, satisfies

and one obtains w,: X, = X, with[p“el]ew, ~ T".

1.4.1. REMARK. One can obtain a result similar to 1.4(d) for co-H-spaces to
conclude that if P annihilates H (T, F,), it will annihilate E +(T') for every homol-
ogy theory E , with values in the category of F, vector spaces.

1.4.2. REMARK. Theorem 1.4 holds for nilpotent spaces as well with essentially the
same proof.

2. The lifting and extension obstructions of self maps. In this section we shall study
some obstructions in self maps theory and their fundamental properties. Further
aspects which are not needed for the proof of our main theorems can be found in
[Zabrodsky],.

Our fundamental diagram is given by

, £: «~hef ‘
X £ >y h >3
(D2.1)
T U s W s
X £ >y h »>B
where

U:. X - PY isahomotopy Sef~ foT,
W:Y — PB isahomotopy Sch ~ hoS,
[: X > LB isahomotopy * ~ hef.



480 A. ZABRODSKY

These yield maps
[ X-> Ve fi(x)=f(x)., l(x)€V,
hi G- B hy(x,0) = 1(0)t], h(y) = h(p),
S:Vy= Vi S(y.9)=S(y), LSeq+ W(y),

2 2 T ,2t, OSIS%,
§¢oc Sn=|T :
U(x)[2-2t], i<r<1,

One has
e =1, h/ ./f h, Jh°S S Jns S Jf ]f°S
Consider the following problems. (One can refer to these problems as lifting and
extension problems of self maps.)

(V) Is there a homotopy U: S o f, ~ f,° T so that Pj, oU U?
(C) Is there a homotopy W: h, oS ~So h,so that W o jf w7

2.1. PrROPOSITION. (V) has a solution if and only if the map a(l, W,U): X - QB
given by a(l, W,U)= LSol + Wo f+ PhoV — [T is null homotoptic.
(C) has a solution if and only if the map &(l, W,U): X — B, given by

§(l(x)[4t]), 0<t<i,
. _W(f(x)[4r - 1], i<esd,
SEWOE D=0 - 21}, ter<d,
(T4 - 4], i<rsl,

is null homotopic.
Obviously o and & are adjoints.

PROOF.

Sofi(x)=58°f(x), LSel(x) + Wo f(x),
froT(x)=[°T(x),1°T(x).

U induces a homotopy U;: So f, ~ foT,LSol + Wo f+ PholUas maps X > V,
and the restriction of U, on the first factor is U (i.e.: Pj, o U, = U). U: So f, ~ f,o T
with Pj, o U = U exists if and only if a(/, W,U)= LSol+ Wof+ PholU— [T
~ * as maps X — QB. Similar arguments hold for problem (C) and the obstruction
a(l, w,U).

We need the following properties of a(/, W, U) and &(/, W, U).

2.2. LEMMA. (A) If in (D.2.1) one of the following holds:

A) X, £, T.U) =V}, jiu, S, constant ) and l: X = V), — LB is the projection.

(A,) (B, h, S, W)= (G, ]}, S, constant) and | is the adjoint of CX — G, then
a(l,W,U) ~ » ~ &(I, W, U).

(B) For w: X > QB, put I, =w+1: x~hof, then a(l,, W,U)~ QSow +
a(l,W,U)—weT.
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(C) Suppose (D.2.1) is extended to obtain:

L: *~hef

<

v

m(—w
= =
(=)

(D.2.2)
o 5 °k~k<§

><<—— P —

>Y > B

Denote by W, * W §0°k°h ~ k o h oS the homotopy Wy o h + Pk o W. Then
a(Lkol, WyxW,U) ~ Qkea(l,W,U).
(D) Consider the following cube related to (D.2.2)

h
Veor > v,
4 S
B
Vieh Vie
jkvh 1k
A 4
h
Y 3
ke k
S L S
} h
Y B

where the vertical squares strictly commute. Then :

(D,) There exists a homotopy W;: Syoh ~hoS, sothat Pj, oW, = Wo j,.,.

(D,) There exists a fibration r: Vj, = V), with a cross section x:V,, = Vi, rex =1,
x°or ~ 1. The maps r, x have the following properties: There exists a homotopy I:
x ~hofior (fiaorr X = Vion corresponds 1o Lk o I: x ~ ko ho f), ijOi—l The
lifting fi: X = V3, correspondmg 10 I satisfies fi= Xx° f,- Moreover, zf S: Vh -V, is
induced by S, S, W and S,: V;, > V; is induced by S,, S,, W, thenr > S, = §.

Dy) If a(Lk o I, Wy*W,U) ~ * and Uy: S;° fr1.;~ freo,° T satisfies Pj, ,,°U
= Uthen a(l, W,U) = Qj, o a(l, W, U,).

PROOF. (A) If (A;) holds, one has f, = 1. As T = § in this case U, the constant
homotopy, is a solution for V and a(/, W,U) ~ . If (A,) holds, one has an obvious
solution for (C) and &(/, W, U) ~ . As a and & are adjoints, (A) follows.

(B)
a(l,,W,U)=LSel,+ Wof+ PholU—1,°T
=QSow+ LSol+ Wof+ PhoU—1oT—woT
=QSow+a(l,W,U)—woT
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©
a(Lkol,WyxW,U) = LSyo Lkol+ WyxWo f+ PkoPhoU— LkoloT
=LSyoLkol+ Wyohof+ PkoWeof+ PkoPhoU~— LkoloT
~ LSyoLkol+ Wyohof— LkoLSol
+LkoLSol+ PkoWof+ PkoPhoU— LkoloT
=LS,oLkol+ Wyohof— LkoLSol+ Qkoa(l,W,0).
Now, one can easily see that x,s,t — W;[/(x)[¢]lls] induces a null homotopy
LSyoLkol+ Wyohof— LkoLSel~ +asmaps X - QB and (C) follows.
(D)~(D,) his given by k(y, @) = h(y), ¢ where ¢ € LBy, (1) = k © h(y).
Sioh(y,9)=Seh(y),LSyo @ + Wyoh(y),
hoSi(y,9)=heoS(y), LSy + Wyeh(y) + PkoW(y),
and the homotopy W: S h ~ ho S on the first factor could be obviously extended
to Wligl°h -~ 71°Sl.
(D,) V; consists of triples (y, ¢, ®),y € Y, ¢ € LB,
® € L?B, = {®: 1> - By|®(0, 1) = ®(5,0) = *}
satisfying h(y) = ¢(1), ®(s,1) = k ° ¢(s).

r: vV, = V,, given by r(y,e,®)=y, ¢, is a fibration and x: V, = Vj is the
cross-section given by

x(y,9)=y, 9,9,
s+r<1,

) * <
‘P(S,t)_{koq)(s-'-t_l)’ s+i1>1,
hofi.(x);=hof(x), Lkeol(x)€V,

and the homotopy /: * ~ h o f on the first factor could be extended to a homotopy /:

* ~h okao[, f](.'-x) = (f(x), I(X), ¢l(x)) = X°f1(x)~ Sl(y$ P, (D) = S(y), LSqu +
W(y), ® where ®: I? — B, could be described by:

~

kohes keSeh S,k ¢h

PlkoW i Woeh S0, .
PkoW
?
keSeh . Seke h
Woh 0 (Vids
~ v 2

L(koS)og Lkoq; LSO¢> Lkeg L Soo¢ k

k.

nnnnnnnnnnnnnnnnnnnnn kkkkhkkkkkkkkkkkkhkkhhkhkkkhkkk
o o~
(rosl= Ser )
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OnehasroS$, = Sor.
(Ds)

ija(i’u/l’Ul)=ij°LS1°i+ij°VVl°kaol+ij°Pil°Ul — LjoleT
=LSoLjol+ Woj.,ofiset PhoPj.,oU — LjoloT
=LScl+ Wof+ PhoU—1oT=a(l,W,U).

2.3. EXaMPLE. Given T: X — X. If h: X — X, is the Postnikov approximation of
X in dim < n, one has a commutative diagram:

X - X,
Ty U T,
h"

X =S X

One can construct X,, h, by an inductive procedure and obtain a sequence of
fibrations 4, ,_,: X, = X,_, and liftings h,: X > X, h,,_,°h,=h,_; as fol-
lows:

As we assume X to be simply connected, we have the “killing of homotopy
groups” procedure to obtain h,: X = X, = K(m,(X),2). If h,_;: X> X, _, is
constructed, we proceed by forming C, _, and can see that C, _ is n-connected with
its bottom Postnikov approxlmatlon glven by k Gy, K (m,n +1). Here 7
turns out to be w4 (X), k,_ k ° Ju,_,t Xn1 ™ C,, - K(m,(X),n+1)is
the k-invariant and, using the natural null homotopy /: * ~ ],, °h,_y, the _map h,,
is then the lifting of 4,_, to ¥, = X, induced by the null homotopy Lk, ol
*~ky_1°h, )

Now one can incorporate the T-structure into the Postnikov system as follows:

Complete the first stage to obtain

X h_i K(m(X),2)= X,
Tl G VT = K(my(T),2)
X h—> K(m(x),2)= X,

Assume, given inductively

hn—l j”nfl i‘n—-l
X - X,_, - G, - K(m(X),n+1)
T (jn—l T, 1) u/n—l = const. ‘Lt—l %.n—l ! K(”n(T)’ n+ 1)
X - X,_1 - C, 1 R K(Wn(X), n+ 1)
hpo1 Jhy_, " n-1

Won-1: K(m(T), n + 1)<>7c,,_1 ~ 7(,,_107",,_1 exists and as C,  is n-connected,
Ws.»—1 1s unique up to homotopy. Suppose inductively that 7, , was induced by
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T, ,, K(m,_(T), n), W, ,_, in the natural way, then by 2.2(A), (C)
a(Ll}n_, AWy * W, Uyy) ~ #(Wo y * Wy ~ W)

and U, can be constructed with Ph oU,=U,_,.

n—1,n

3. The main theorems. In this section we formulate and prove the main theorems:

3.1. THEOREM A. Let T: X — X. Suppose there exist polynomials P,, P, € Z ,[x]
(P, , having leading coefficients prime to p) so that:

(a) The mod p reductions of @ P,. and P,. are relatively prime.

(b) Py« - P,. annihilates m(T) ® Z,.
Then:

(i) There exist a space X, a self map T: X — X, and amap f: X - X so that:

(D feT~Tef

(2) Py« annihilates m(T) ® Z,,.

(3) m(f) ® Z, is injective withim 7 4(f) ® Z, = U, ker(P.) (7 (T) ® Z,).

(i) Given X', T', f', T": X' = X', f": X' = X so that:

()f'oT ~Tof"

(2) ® Py« annihilates w(T') ® Z,.

Then f', T factors mod p through f.T in the following sense: There exists a
homotopy commutative cube

X > X
]

A, .X " > X

f f

2

oo T

|

J £'

X — X

with f2 — a mod P equivalence. In partzcular if X, X, X, T,T, T, f, f are p-local
one may assume f2 =1, hence there exists [': X' — X so that f'oT" ~ To f" and

f~fer

To prove Theorem A one proves

3.2. THEOREM B. Let T: X — X. Suppose there exist polynomials P, P, € Z|x]
with leading coefficients prime to p, and suppose

(1) ® P, and P, are relatively prime where P, are the mod p reductions of P,.

(2) Py annihilates H,(T, Z,),m < n — 1.

(3) P, - P, annihilates H,(T, Z,).
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Then there exists a homotopy commutative diagram

Xn - Xn

i=p =g

T,xXT N
X, X K(#,n) - X XK(#,n)

where X,, T, is the Postnikov approximation in dim < n; T,: X, > X, T: K(#, n) >
K(#, n) satisfy: Py annihilates H,,(1,, Z,), m < n; P, annihilates H,(T, Z,,).
In particular, the Hurewicz homomorphism induces an isomorphism

Uker P(,(T)) ® Z, » Uker ;[ H,(T, Z,)].

First we prove the simple analogue for abelian groups:

3.2.1. LEMMA. Let ¢: G — G be an endomorphism of a finitely generated abelian
group. Suppose P,, P, € Z|x] have leading coefficients prime to p and their mod p
reductions are relatively prime. If P\ - P, annihilates ¢ ® Z, then one has a commuta-
tive diagram

G

=plh Vh=p

P99,
G,®G, - G,8G,

N8
Q

where P, annihilates ¢; ® Zp, i=1,2.

PRrOOF. This is a minor variation of a standard linear algebra theorem:

Let P, be the mod p reduction of P,. If P, P, are relatively prime, so are P, and
P,. Let r be the smallest positive integer for which there exist polynomials Q,, Q, so
that Q, P, + Q, P, = r. We shall show now that r is prime to p- Suppose plr, say
r=p-r, reducmg mod p one has QlP + Q2P2 0 and as P, P2 are relatively
prime one has Ql 0- Pz, Q2 = —QP Let Q € Z[x] represent Q (with a leading
coefficient prime to p); then Q, — QP, = pQ{, O, + QP, = pQ}, r = pr, = QP, P,
+ pQi{P, — QP,P, + pQ5P, and Q{P, + Q3 P, = r; < r, contradicting the minimal-
ity of r.

Replacing P, by their suitable powers if necessary, one may assume

P -P(9p®Z,)=0.

The homomorphism a: G — im P;(¢) ® im P,(¢) given by a(x) = P,(¢)x, Py(¢)x
is a mod p isomorphism: Indeed, if Q,, Q,, r are as above, x,, x, € G, arbitrary, put
z = Pi(9)Qi(9)x; + P(9)Q,(9)x, then

Pl(q’)z = P\(¢)rx, + Pl(‘P)Pz(*P)Qz((P)[Xz - xl] =rP(@)x; +y
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with y; of finite order prime to p. Similarly, P,(@)z = rPy(9)x, + y,, y, of order
prime to p. Thus for some integer s prime to p, sr(P;(¢)x;, P,(9)x,) = asz and a is
mod p surjective. Thus kera = ker P;(¢) Nker P,(¢). If z € kera, then rz =
0(9)P(9)z + Q,(9)Py(9)z = 0 and z is of order prime to p.

We need the following

3.2.2. LEMMA. Let @, @,: M — M be two commuting endomorphisms of an abelian
group M. Suppose there exist polynomials P,, P, € Z[x] with leading coefficients prime
to p and with relatively prime mod p reductions so that P, annihilates §; = ¢, ® Z,.
Then ¢, — @, is a mod p isomorphism.

PROOF. One has to show that ¢, — ¢, is an isomorphism. With no loss of
generality one may assume P,($;) = 0. Let Q,, Q,, r for Q, € Z[x], r an integer
prime to p, satisfy P,Q; + P,Q, = r. Now, for any polynomial P € Z[x], one has
the following identity in Z[x, y]: P(x) = (x — Y)P(x, y) + P(y). Consequently,

r= 0P (¢) + QP (¢,) = 0, P,(91)
= (‘7’1 - ¢Z)P(¢l’¢2) + Q2P2(¢2) = (q)l - ¢2)P(¢1’¢2)'

LP(¢y, @,): M ® Z, > M ® Z,is the inverse of ¢; — @,.
PROOF OF THEOREM B. Consider the (n — 1) Postnikov step of T

hn n*l[ kn—l

Xn - Xn—l - K(ﬂn(X)’n+1)

7’;1¢ ‘lT;I‘l lK(ﬂ'I(T)‘n+l)=f
hll.ll— k’l“

Xn _)1 Xn—l —)1 K('”n(X)’n-i- 1)

As P; annihilates H (T, Zp), m < n — 1, it annihilates H, (T, F), m < n — 1, for
F=Q and F=F, By 14, ®P, annihilates H.(7,_;, F) and consequently it
annihilates H (T, _y, Z,).

One has exactness of rows in the following commutative diagram:

H,.(X,,,2,)~> H/(K(m(X),n+1),2,)=m(X)®Z,> H/(X,,2,)

H,(T,-1.2,)1 H,(K(m(T).n+1),2,)| =n(T)® Z, \H(T,.2,)
H,. (X, 1. 2,)~ H,(K(m(X),n+1),Z,)=mn(X)®Z, > H,(X,, 2,)

As ® P, annihilates H, . (T,_;, Z,), and P, - P, annihilates H,(T,, Z,) = H,(T, Z,),
(® Py) - P, annihilates 7,(T) ® Z,. Put P}, = ® P;, P, the mod p reduction of Pi.
By hypothesis, P and P, are relatively prime and, by 3.2.1, one has an exact
sequence, split mod p:
P
0 » @ - @(X) - a7 - 0
Tl 4 m(T) LTy
v

Tm(X) - a7 - 0

L=

0 -
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T, ® Z,is annihilated by P’y and Te® Z, is annihilated by P,. Using 2.3 and 2.2(C)
one obtains:

h"."‘ kﬂ_ I‘/
x, 5 x., 5 K@@(X).n+1) 3 K(n'in+1)
T;,l l]n—l ‘L n-1 14/""1 ‘l(T W/O JfT;yll,!

x, 5 x_., 5 K@m(X).n+1) 3 K n+1)

a(l, W, 1, Uy,_)~ #, L% ~ k,_yoh, .. Apply 22(D): X, = ¥,

usok,_y?
~
k
n ~
> K(ﬂn,n+l)
3 %,'
n ~
» K(Trn,n+1)
k l

-i'K("nan+l)

\
l Xn-l
w
T n-1
-1 T
/ n \V/
X

> K(ﬂn(X),n+l)

There exists /: * ~ k,oh, so that iz,,_;: X, — V3, is the homotopy equivalence x of
22(D,).

By 2. 2(D3) one has Qity o a(l, W,,U,) ~ a«(l, W,_,, U, 1)~ *and, as & is mod p
split, a(/, W,, U, ) has order g, prime to p.

Now, P annihilates T, ® Z, = 7,(7,5) ® Z, and as was stated above P’
annihilates H (7, _,, Z,), hence ® P, =P, anmhﬂates 7 (T, 1) ® Z, and 1r,.,(T)
® Z, and consequently P', annihilates H(T,, Z ») and H*( , M ® Z,) for all
M. On the other hand, P2 annihilates 7', ® Z Thus [k le H "“( , ,) 1s in
ker(T, — T*), where T, T*: H"“( , ) = H"“( ,#,) are the commuting
endomorphisms induced by 7T, T, respecuvcly As T* ®Z, and T} ® Z, are
annihilated by mod p relatively prime polynomials ker(7, ® z, - T ® Z ) = O by
3.2.2.

It follows that [k, ] is of order g, prime to p. Consider:

~

. *~
I - L az-.l_"k“—_'1
k q,.1
n ~ 2 ~
— e —_—
Xn K(wn,n+1) K(wn,n+l)
T % wr T
n n * n *

)

f— O > x(> +1 --——02—.——)1((" +1)
a K(vrn,n ) Tl
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Again as T*, QT are commuting endomorphisms of H"(X,, #,) and T* ® Z, and
Q7. ® Z, are annihilated by polynomials w1th relatively pnme mod p reductlons
by 3.2.2. T* QT is a mod p surjection H"(X,, 7,) > H"(X,, #,). Thus, for some
prime to p integer r

re(LW,. W,) ~ (2T« - T})w.

Put g = 99 rl: K(vr n+1)—>K( n+1) l——q1w+L(q1r1) ol x ~
019y7 - 1e k,=gek, W, T,., g~g° T* where W, = W/« W.. W: Tyoq,1 ~
g,le T* as above and W” T*oqlrl ~ qlroT*

~e

£ *~gok
~ R 1
hn N kn . R
Xn > Xn K(Trn,n+l) — 8 K(nn,n+l)
’~ A ”~ ~ ~ -~
T u,T, w1, W,
hn l:n
X, > X —»K(7_,n+l) ——E 3% K(7_,n+1)
L: * VI’; 0;1
n n
By 2.2(B), (C)

a(l', W, W,,) ~ —ql(QT* - T%)w + gyra(l, W’, W )~ *,
a(Lgel,W,+W,,0,) = Qg a(l,W,,0,) = rgqa(1, W,,T,) ~ ».
Hence

x~LTyoLgol+ W,xW,oh, + P(g°k, )°U,,-Lg°i

~ LTyoLgol— LTyolioh, +[LTyoloh, + W,xW,

~ ~

I'eT,oh,)
+[IoT,oh, + P(gok,)eU,—Toh,°T,] +1'oiz,,oT,,—Lgo1oT

°T,
o h, —

The first brackets enclose a(’, W,, W,)o h, ~ * and one can see directly that the
second brackets enclose a null homotopic expression in [ X, QK (#, n + 1)]. Thus

x~ QT (Lgel—=Toh,)—(Lgol—Toh,)eT,.

Now, by 2.2(D;) X, > V;_and ¥y =, Vi = X, X QK(#,,n + 1) (as g ok, ~ »).

17 gok
One can easily see that the composmon

A

e X, 5 X, X Qk(#,,n+1) = X, X K(#,,n)

is given by

h(x) = h,(x), Lgol(x) = T'eh,(x)
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and as was shown above,
Pzi'
X, = QK(#,n+1)
T, ler, =T
paoh
X, >  QK(#,n+1)
is homotopy commutative. As &, o T, ~ T, o h, Theorem B follows.
3.3. PROOF OF THEOREM A. (i) One constructs X inductively, as follows: Suppose

one has a commutative diagram

f(n)
x(n) 5
i, iT
f(m)
X(n) 5

so that:
(@)(n): (® Py.) - Pp. annihilates 7 (T(n)) ® Z,.

(b)(n): ® Py. annihilates 7,,(7(n)) ® Z,form < n — 1.

(c)(n): m(f(n)) ® Z, is an isomorphism for m > n and a monomorphism for
m < n,imm,(f(n)) ® Z, = U ker Pl.(7,(T)® Z,),m < n.

If {{ X(n)],,, [T(n)},,} are the Postnikov approximations of X(n), T(n) one has

K(Wn(X(n))’n) - [X(n)]n - [X(n)]n—l
K(m,(T(n)).n)l L T(n), L T(n), -,
K(m,(X(n)),n) - [X(n)], - [x(n)],,
As @ P;. annihilates 74 (T(n),_,) ® Z, it annihilates H(T(n),_,, Z,) and
H,(T(n), Z,), m < n. (® P,.)P, annihilates H,(K(7,(T(n)), n), Z,) = m,(T(n)) ®
Z, and consequently (® Py.) - P,. annihilates H,(T(n),, Z,) = H,(T(n), Z,) and
one can apply Theorem B for X(n), T(n), P,., P,. to obtain a commutative diagram.

T(ny,
X(n), - X(n),

=pl L =p

X(n), x K(d,,n) 'S X(n), X k(#,.n)

# ® Z, = U, ker(Py.(7,(T(n)) ® Z,)). In particular, one has a diagram
X(n) 3 K(4,.n)

T(n)l VT
&

X(n) = K(#,.n)

X(n + 1), T(n + 1)—the fiber of g,—yield the next inductive step:
(a)(n + 1) follows from the fact that (® P,.)- P,. annihilates 7 ,(7(n)) and

7 (7).
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(b)-(c)(n + 1): m4(§,) ® Z, is split surjective and is zero in dim # n. Thus, (c)(n)
implies (b)(n + 1) and (c)(n + 1) in dim # n. 7, (X(n + 1)) ® Z,=m(X(n),)®Z,
which is isomorphic, by Theorem B, to U, ker P).(7,(T(n)) ® Z,) and (b)(n + 1),
(c)(n + 1) follow.

Passing to a limit, one obtains the desired X, 7*

| }

K = lm X(n) =——> ... — X(n)e—> X(n-1)—.... —>X(1) = X
l?=ﬁ T(n) 7 (n) l T(n-l)l T(1)=T
X = lim X(m——> ... —> X@—>X(@-D—>.... —>X(D =X

(i1) Given X', f’, T’ so that the following commutes:

¥ L ox

Tl T
iz

X - X

Form the pull back of /" and f: X — X of (i) and the self maps induced to obtain:

i'
T
o
fl
1
~
x' —>
! r

h

=)
3

X
-—-f—ﬂ
T

X

By the hypothesis ® P;. annihilates 7 ,(7") ® Z, and by (i) P;. annihilates 7«(T) ®
By the Mayer-Vietoris exact sequence one has

e () 2 () S n(hen(h) > axn >
ﬂn+l(T)l Jr”n('iw) ],'IT,(T)$7I,,(T') lﬂn(T)
Co (%) S () S m(hem(x) > mx) >
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and ®P. - P,. annihilates 7,(7) ® Z,. Apply (i) of this theorem to X', T,
(® Py.), P,. to obtain:

h ~
X’ - X’
7 T
~ h ~
X - X

T«(h)® Z, 1nJect1ve onto U, ker PL.[7«(T") ® Z »]- Theorem A(ii) will follow if one
can prove that fy e hisamod p equivalence. Now (® P,.) annihilates 7, (T) ®Z,®

7,(T') ® Z,, hence im7 ® Z, C U, ker(® Py.)"(7,(T) ® Z,) and as P,. and ®P1,.
are rclatively prime mod pim'r ® Z, c U, ker Pl.(m(T) ® Z,)=immy(f)® Z,.
The inclusion in the other direction is obvious,

im7® Z, =im7,(F)®Z, and ker(r® Z ) 5 ﬂ*(X') ®Z,
is an isomorphism. Consequently, 74(f;) ® Z,: 74(X)® Z, > 7,(X) ® Z, is
surjective and its kernel is isomorphic to

kero ® Zp =imé ® zZ,= cokert ® z,
= 74(X) /Uker(Pir o(T) ® 2,) = Uker PL.(74(T) © Z,).

It follows that P,. annihilates T(T)® Z ,/im& ® Z,. Thus, the exact sequence
0->imé®Z, - w*(X’) ®Z,»7m(X)®Z,—-0 corresponds to the 3.2.1 split-
ting with respect to 7 (T"), ® Pl‘ and P,., and

R T.h®Z, . Td(f3)®Z,
To(X') ® Zp - 7(X)® zZ, - To(X') ® z,

is an isomorphism.

3.4. COROLLARY. X, T of Theorem A(i) is unique up to mod p equivalence, i.e.: If
X,T,f; T: X - X'; f': X' > X satisfy: f o' ~To f, 1r,,(f)®Z injective
ontoU kerPlt(vr*(T) ® Z,), then there exist X, T, fl,fz, T X - X f1 X - X
fiX > X Tofl ~flo T’ T'o f; ~ f; o T" with f, mod p equivalences.

PROOF. One applies Theorem A(ii) to obtain X', 7", f{ , f;’ ; fz’ a mod p equivalence,
Now f] is a mod p equivalence as

im7,(fof])®Z, =imn,(fof;)®Z, =imm.(f)®Z,
and
Te(fof)®Z,: n(X)®Z, - immy(f)®Z,

and 7,(f) ® Z,: m(X) ® Z, = imm ,(f’) ® Z, are isomorphisms.
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3.5. COROLLARY. Let X, T, P,, P, be as in Theorem A and suppose X is p- -local. If
T': X - X (homotopy) commutes with T, then T induces a map T': X — X (where
X, T, f are the constructed space and maps of Theorem A(i)) so that the following cube
commutes:

-

=
=)

>

PROOF. Apply the p-local version of Theorem A(ii) with X, T", f' = X, T, T’ f to
obtain a factorization "o f = f' = fo f', To f' ~ f'oT" = f'o T. Now f* = 1" is the
desired map.

4. Applications and examples.

4.1. Nilpotent groups. Although we have restricted our considerations to simply
connected spaces, the main theorems hold for nilpotent spaces as well. Applying
them to K(G,1), G a finitely generated nilpotent group, one obtains some purely
group theoretic observations (which could be proved by purely algebraic considera-
tions):

THEOREM A*. Let T: G — G be an endomorphism of a finitely generated nilpotent
group G. Given polynomials P,, P, € Z[x] with leading coefficients prime to p and
suppose the mod p reductions of ® P, and P, are relatively prime and that (® P,) - P,
annihilates

® [(L(T)/T.u(T) @ 2]

(l;;,€Tand T, i(T): I, - T; are the central series of G and T). Then there exists a
T-invariant subgroup G of G so that
[T(6)/T11(G)] @ Z, > [T(G)/T;.1(G)] ® 2,
is injective and its image is
UkerPl(F/ (T)®2,).
Moreover, given a homomorphism f': G' — G, an endomorphism T': G’ — G’ so that

f'eT" =Te [ and ® P, annihilates H\(T") ® Z,,, then f'(G") C G. (G is not required
to be nilpotent as one can replace it by im f’ C G and the hypothesis remains valid.)
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One has a simple finite procedure to obtain G, as follows: Let G C H,(G)
represent U ker(® P,)"(H|(T)® Z,) € H,(G)® Z, and G, = ro'l(Gl) (rp: G—
H,(G)). Inductively, if T-invariant subgroups G, C G,_; C -+ C G, = G are con-
structed, let G, € H,(G,) representU, ker(® P,)"(H\(T|G,) ® Z,)C H(G)®Z,
and let G,,, = r,"'G,,, (r;: G, » Hy(G,)). One can see that if G is nilpotent of order
N, then Gy, = Gyfort > 0and Gy = G is the desired subgroup.

THEOREM B*. Given a central extension of a nilpotent group G, with endomorphisms:

T

0o - ¢ > ¢ 5 6 -1
S T I Th
0o - ¢ > ¢ 5 GG -1

Suppose Py, P, € Z[x] are as in Theorem A*: @ P, annihilates H\(T;) ® Z,, (® P,)
- P, annihilates S ® Z,. Then there exists a commutative diagram

| !

G [N

“~ G > G

so that G = G, X C is a mod p isomorphism, ® P, annihilates H,(T)) ® Z, p,
annihilates S ® Z,.

T

ot
n

0?*%-6‘))

ol

4.2. H-spaces.

4.2.1. THEOREM A . Suppose in Theorem A one has the added assumption that X is
an H-space. Then for the “indecomposables” functor Q,

QH*(f, F,): QH*(X, F,) > QH*(X, F,)
corresponds to the (split) projection

QH*(X, F,) - QH*(X,E,) / UkerPrQH*(T E).

Moreover, H*(X, F,) is isomorphic to the subalgebra of H*(X, F,) generated by
U, ker PL.[QH*(T, F,)] € QH*(X, F,).

PROOF. Because the claim is a mod p claim, and it suffices to prove it to be valid
only up to an arbitrary but finite dimension, one may assume that X is p-local,
m,(x)=0forn > Nand Pj. = P, P, = P, € Z[x].

One can form T’ = P(T): X = X. m(T") is nilpotent on U, ker P{(7 4(T)), and
as P,, P, are relatively pnme mod p, 7 4( T’) is an 1somorphlsm on U, ker (7 4(T)).
It follows that for some P € Z[x], with P(0) prime to p, xP(x) annihilates 7 4(T").
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Here ® x and ® P are relatively prime mod p and one can apply Theorem A with
both assignments { ® x, ® P} = { P,, P, }. One thus obtains

. Jo . A

X, - X X S5 X

Tl ir Tl T
. fo fi

x - X X - X

f, realizing ker 7, (T")",  f, realizing JkerP’(m 4(T")).

Now T’ and T commute and one can apply 3.4 and 3.5 to conclude that
X, TO, fo= X, T, f where X, T, f are the Theorem A realization for P, P,. As
7(X) = U, ker7 (T")" & U, ker P'(7,(T")) the map

Joxhy
Box xS xx xS x

is a homotopy equivalence and QH*(p y ° fo X fl, F,) corresponds to the Py, P,
splitting of QH*( X, F,) and Theorem Ay easily follows. We only add the remark
that if 7 is an H-map one obtains a commutative diagram:

N ,. px(foxf1)

Xy X X; -

Tax Tl I\
A A px(foxf)

Xy X X; -

4.2.2. The Eckmann-Hilton dual of [Cooke and Smith]. Let X be an H-space,
7,(X)=0forn > N and let T: X — X. Then X admits a mod p splitting 1 X = X
corresponding to a splitting of the characteristic polynomial P € F,[x]of 7 «(T) ® F,
into relatively prime factors, i.e: If P =T1/_, P, then f;: X, = X, i =1,...,r, satisfy
im 7 ,(f;) ® F, = ker P,(7(T) ® F,).

PROOF. It suffices to prove 4.2.2 for r = 2. Suppose P = P, - P,, (P, P,) = 1. We
shall show that T can be replaccd by T X = X, 7(T")® F, = m(T) ® F, and
7 4(T") is annihilated by P, - P, € Z[x], where P, € Z[x], represent P,i=1, 2

Once this is proved one can apply Theorem A and 4.2.1 and its proof for P,(T"):
X —» X and the realization X; — X of U, ker[7 «( P(T")) ® Z,]" represents
ker Pi(74(T) ® F,). To construct T", note first the following algebraic considera-
tion:

4.2.2.1. Given an endomorphism 7: G — G of a finitely generated abelian group,
if the characteristic polynomial of 7 ® F,is P, - P, (P, P)) =1, then for every
integer ¢ there exists T:G — G satisfying:

(a) For some ¢ = 1mod p, qT — T” = ¢, ¢ € End(G).

(b) There exist integral representations P, € Z[x] of P, i = 1,2, so that P, - P,
annihilates 7",

PROOF OF 4.2.2.1. One can replace ¢ by any multiple of it; thus, one may assume
t =p°q, ¢g=1mod p, and ¢ is a multiple of the exponent of the # p torsion
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subgroup of G. Let G,, T, = G/torsion, T/torsion, respectively, p: G — G, the
projection, x: G, — G an arbitrary right inverse of p. P, - P, is a product of the
characteristic polynomials P, P?) of T, ® F, and T ® F,, respectively; thus,
P, = Pi(O) . Pi(p), i=1,2, pl(O) . p2(0) = PO and Pl(p) . Pz(p) P(p) Let P(O) € Z[x]
represent PO, P . P annihilates T, ® Z/p°Z and, as P, P{¥ are relatively
prime mod p, G, ® Z/p’Z = GV & GP, G{ = U,ker[P;O)]’(TO ® Z/p°Z). This
splitting could be lifted to G, = GV ® G, G{’ ® Z/p°Z = G{. While G{ are
T, ® Z/p*Z-invariants, G§" are not necessarily T-invariants; but one can define 7
G, — G,,

T,= TV e ﬁ;z’, T G - G, T{"® Z/p'Z =T, ® Z/p°Z|G{".

It follows that T, — T, = p°$, ¢ € End G. If the characteristic polynomial of T4 is
P then P - P anmhllatcs T, and P© reduces to P®mod p. Put T=T+
x°Tyop— x°T,°p, then T—T=p’x¢ =p°s, qT — qT = t¢. qT is annihilated
by (gP(? - P(O)) (PSP - P{) where PP’ € Z[x] represent PP, T = ¢qT, P, =
qP{» - PO, P, = P{») - P{O are the desired endomorphisms and polynomials.

Apply 4221 to T4 (T): 74(X) > 74(X) to obtain Ty: 7(X)—> 7u(X),
74(qT) — 7 (T) = t¢. Following [Zabrodsky,, Propositions 1.7, 1.8] for an ap-
propriate t, T, is realizable by T": X — X with the desired properties.

4.3. Realizations of polynomial algebras. Let X be a CW complex, H*(X, F,) a
polynomial algebra on even-dimensional generators. Suppose T: X — X satisfies
QH'(T,Q)=A1,A, € Z. As P(x)=TIl(x — A,) annihilates QH*(T, Q) and as
H*(X, Z) has no p-torsion and H*(X, F,) is a free algebra, P annihilates
QHX(T, Z,). The same argument shows P annihilates QH*(QT, Z,)).

By 1.4(C), P annihilates 7,(7T) ® Z, and 7 (T) ® Z,.

If A€ Z, N =1(p) and g|p — 1, one splits the set {A,} into Ay = {A,|A, =
Nmod p}, A; = {(AJA, #Xmod p} and then P =TI, cp(x — APy =
[Ty ea,(x —A,) satisfy the conditions of Theorem A. If f X — X realizes
U kerPl,.(vr*(T)®Z) by 4.2.1, one can compute H*(X,F) as follows: Qf:
QX > QX realizes U kerPl,.(w*(T)®Z) and as H*(QX, F) is an exterior
algebra on odd-dimensional generators, o*: QH*(X, F,) — QH* Y(QX, F, ) 1s an
isomorphism and H*(QX F,), by 4.2.1, is an exterior algebra on
U, ker P.QH*(QT, F,), H*( X F ) is a polynomial algebra on ker P..QHX(T, F,) =
® OH'(X, F), the sum taken over those ¢ for which A, € A. The natural examples
are X = BG, G a compact simple Lie group T = ¢,: BG —» BG Adams-Sullivan
maps.

If X=BSU(n), T =4y, (A representing an element of order q) g|p — 1, in

— {0}, then X is the Quillen-Stasheff realization of Fo[xy00 Xag5- s Xomg)y m =
[n/q] (see [Quillen], [Stasheff]).

Similarly, one has

y,: BE; > BEy, p=5, X - BE,,

realizing U, ker(7(T) ® Z, — 1)" satisfies H*(X; F5) = Fs[x15, X54, X495 X45] (0Ot
on the [Clark and Ewing] list).
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Friedlander has constructed a map ¢: (BF,), ,2 ~ (BF,), ,, for which Wilkerson
computed H*({y, F;) to be -1. If X = BF,, T = one can see that X realizing
U, ker(m (T) ® Z; — 1)" satisfies H*( X, F) = E[x,, x]. F, = QX x X(3) corre-
sponds to a well-known factorization (due to Harper, Cooke, Ewing and others).
Note that QH'*(BF,, F,) » QH'*(X, F,) is zero; thus H*(BF,, F,) > H*(X, F}) is
not surjective.

REFERENCES

A. Clark and J. Ewing, The realization of polynomial algebras as cohomology rings, Pacific J. Math. 50
(1974), 425-434.

G. E. Cooke, Constructing spaces with interesting Z/p cohomology via e-actions on loop spaces, Amer. J.
Math. 103 (1979), 515-542.

G. E. Cooke and L. Smith, Decomposition of co-H-spaces and applications, Math. Z. 157 (1977),
155-157.

P. Freyd, Stable homotopy, Proc. Conf. on Categorical Algebra (La Jolla), Springer-Verlag, Berlin, 1966.

E. M. Friedlander, Exceptional isogenies and the classifying spaces of simple Lie groups, Ann. of Math.
(2) 101 (1975), 510-520.

J. Harper, H-spaces with torsion, Mem. Amer. Math. Soc. No. 22 (1979).

G. Nishida, On a result of Sullivan and the mod p decomposition of Lie groups, Mimeographed Notes,
Research Inst. for Math. Sci., Kyoto Univ., 1971.

D. Quillen, On the cohomology and K-theory of the general linear group over a finite field, Ann. of Math.
(2) 96 (1972), 552-586.

J. Stasheff, Mod p decomposition of Lie groups, Localization in Group Theory and Homotopy Theory,
Lecture Notes in Math., vol. 418, Springer-Verlag, Berlin and New York, 1974, pp.142-149.

D. Sullivan, Geometric topology, Mimeographed Notes, M.L.T., 1971.

C. Wilkerson, 1. Genus and cancellation, Topology 17 (1975), 29-36.
, 2. Self maps of classifying spaces, Localization in Group Theory and Homotopy Theory,
Lecture Notes in Math., vol. 418, Springer-Verlag, Berlin and New York, 1974, pp.150-157.

A. Zabrodsky, 1. Endomorphisms in the homotopy category, Mimeographed Notes.
, 2. p-equivalence and homotopy types, Localization in Group Theory and Homotopy Theory,
Lecture Notes in Math., vol. 418, Springer-Verlag, Berlin and New York, 1974, pp.161-171.

DEPARTMENT OF MATHEMATICS, INSTITUTE OF MATHEMATICAL AND COMPUTER SCIENCES, GIVAT RaM,
91904 JERUSALEM



